A convex polytope^(ot) was defined in Barnes (1978) as the set of Minkowski-reduced forms with prescribed diagonal coefficients a u a 2 ,...,«.*. A local minimum of the determinant D(J) over^(a) must occur at a vertex of ^(a). Here a criterion is obtained for a given vertex to provide a local minimum, completely analogous to Voronoi's criterion for a perfect form to be extreme.
Introduction
We use the definitions introduced in Part I (Barnes, 1978) 2{a) is in fact a convex polytope. The convexity of the determinantal surface D(f) = constant implies that the minimum value of D over S>{a), or indeed any local minimum, is attained only at a vertex of $) (<£) . However, it is not necessarily true that a vertex v of Q>(<x) provides a local minimum of D(f) for fe 3>(pi); a vertex for which this is true we call extreme with respect to @(<x), or, for brevity, 2-extreme.
The main purpose of this article is to establish an analogue of Voronoi's (1907) well-known criterion for a form to be extreme in the classical sense, namely that it be perfect and eutactic. The analogue of a perfect form is clearly a vertex of 3>(<x). The proof of this theorem will be based on the ideas used in the proof of Voronoi's Theorem given in Barnes (1957) ; as there, we need THEOREM 2 (Stiemke, 1915) . The system of linear inequalities 
Proof of Theorem 1
We begin with the appropriate analogue of the Lemma of Barnes (1957) and, for any k = 1,..., ? for which m* satisfies (1.3) with equality for some /,
Next, there exist only finitely many other x in (1.3) which are necessary to specify M and, for all of these, f(x)>a it = <x t , whence also /'(x)>oc £ if e is sufficiently small. Now the tangent plane h to the determinantal surface (using <p as current coordinates in the coefficient space) at / is Since it follows that / ' lies in the closed half-space opposite to that containing the surface detf = det/; hence, since this surface is strictly convex a n d / ' # / , det/'<det/.
It follows from these results that / is not ^-extreme.
(ii) Suppose that (2.1), (2.2), (2.3) have only the trivial solution; l e t / ' =f+g be any form in <F(ot) close t o / . Then /'(e ( ) = a, = /(e,), so that g(e,) = 0 (/ = 1,...,«);
Since g is non-trivial, our hypothesis implies that (2.3) is false, so that (F,g) > 0 and (2-4) (F,f) = We now apply Lemma 1, taking A^to be the determinantal body det cp > det/, h the tangent plane (F,<p)=(F,f), and P the polytope ^(a). Using in particular (2.4), we see that the hypotheses of the lemma hold and it follows that, if/' is sufficiently close to / in 3>(a), but distinct from /, then det/' > det/. Thus / is ^-extreme. (a) Suppose that / is ©-extreme. By Lemma 2, every solution of (2.5) is trivial and so certainly has equality throughout; it follows at once that / i s a vertex of ©(a). Also, by Stiemke's Theorem, (2.6) has a solution; dividing through by v, we may suppose that the solution has v = 1; multiplying by x, Xj and summing, we obtain
which gives (1.4), with (1.5), noting that (T, = X t -fi t is unrestricted in sign.
(b) Suppose next that / is a vertex of ^(a) and is ©-eutactic. Then (2.6) has a solution and so, by Stiemke's Theorem, any solution g of (2.5) satisfies (2.5) with equality throughout; since / is a vertex of i?(a) it then follows that g=0. It now follows from Lemma 2 that / is ©-extreme.
An example
As noted in Part I, the quaternary form These suffice to establish that / is a vertex of £^(ot).
[Note: If a = b, there is one further relation /(I, -1,1,0) = c and the following analysis therefore does not apply.]
The identity (1. Among the inequalities (1.3) there is a finite set which implies all remaining inequalities; that is, there is a finite set S of vectors x for which the corresponding equations /(x) = a u define the facets of Jt. In determining ®(oc) and its vertices, it suffices of course to consider only this minimal set of inequalities. However, the application of Theorem 1 is complicated by the need to know all the examples of equality in (1.3) for a given form /. Fortunately it turns out to be necessary, in testing whether a vertex / of 3)(t£) is ^-extreme, to consider only vectors in S: 
